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a b s t r a c t
Let G be a simple graph with n vertices. The matrix L(G) = D(G) − A(G) is called the
Laplacian of G, while the matrix Q (G) = D(G) + A(G) is called the signless Laplacian of
G, where D(G) = diag(d(v1), d(v2), . . . , d(vn)) and A(G) denote the diagonal matrix of
vertex degrees and the adjacency matrix of G, respectively. Let µ1(G) (resp. λ1(G), q1(G))
be the largest eigenvalue of L(G) (resp. A(G), Q (G)). In this paper, we first present a new
upper bound for λ1(G) when each edge of G belongs to at least t (t ≥ 1) triangles. Some
new upper and lower bounds on q1(G), q1(G) + q1(Gc) are determined, respectively. We
also compare our results in this paper with some known results.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
We consider only simple graphs (i.e. finite, undirected graphs without loops or multiple edges). Let G = (VG, EG) be a
simple graph on n vertices and m edges (so n = |VG| is its order, and m = |EG| is its size). For vi ∈ VG, the degree of vi,
written by d(vi) or di, is the number of edges incident with v. Let∆ = max{di : vi ∈ VG} and δ = min{di : vi ∈ VG}. Spectral
graph theory [1–3] studies properties of graphs using the spectrum of related matrices. The most studied matrix associated
with G appears to be the adjacency matrix A = (aij), where aij = 1 if vi and vj are adjacent and 0 otherwise. Another much
studied matrix is the Laplacian matrix, defined by L(G) = D(G)− A(G), where D(G) = diag(d1, d2, . . . , dn) (see [4–6]). The
matrix D(G) = D(G)+ A(G) is called the signless Laplacian matrix of G (see [7]), which has recently attracted more and more
researchers’ attention. One reason for this is that the signless Laplacian spectrum seems to be more informative than the
other commonly used graph matrices [7]. For more results on the signless Laplacian matrix one may refer to three survey
papers [8–10].
For an n × n real symmetric matrix M , its eigenvalues are real numbers. In particular, if M is equal to one of the
matrices A, L and Q (associated to a graph G on n vertices), then the corresponding eigenvalues (or spectrum) are called the
A-eigenvalues (or A-spectrum), L-eigenvalues (or L-spectrum) and Q -eigenvalues (or Q -spectrum), respectively. Throughout
the paper, these eigenvalues will be denoted by λ1(G) ⩾ λ2(G) ⩾ · · · ⩾ λn(G), µ1(G) ⩾ µ2(G) ⩾ · · · ⩾ µn(G) = 0
and q1(G) ⩾ q2(G) ⩾ · · · ⩾ qn(G), respectively. They are the roots of the corresponding characteristic polynomials
PG(x) = det(xI − A), LG(x) = det(xI − L) and QG(x) = det(xI − Q ), where I = diag(1, 1, . . . , 1) is an n × n identity
matrix. The largest eigenvalues, i.e., λ1(G), µ1(G) and q1(G) are called the A-index, L-index and Q -index (of G), respectively.
We call G a triangulation, if every pair of adjacent vertices of G has at least one common neighbour. If all the vertices of G
have the same degree k, then G is k-regular, or simply regular.
The knowledge of the spectrum of a graph is important as spectral results which are relevant for the estimation of some
parameters of graphs. Research on the bound involving eigenvalues of A, L and Q attracts much attention [11–13]. Chen and
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Wang [14] determined sharp upper and lower bounds of q1(G) involving maximum degree and minimum degree, where G
is a connected simple graph. Nosal [15] gave sharp lower and upper bounds of λ1(G) + λ1(Gc). Li [16] gave another upper
bound on λ1(G)+ λ1(Gc). Liu et al. [17], presented an upper bound on µ1(G)+ µ1(Gc).
In [18], Hong prove the following result: if G is a connected graph, then
λ1(G) ⩽
√
2m− n+ 1, (1.1)
where the equality holds if and only if G is one of the following graphs: (a) the star graph K1,n−1; (b) the complete graph Kn.
In [19], Stanley prove the following result:
λ1(G) ⩽
√
1+ 8m− 1
2
, (1.2)
where the equality occurs if and only if m = k(k−1)2 and G is a disjoint union of the complete graph Kk and some isolated
vertices.
Let G be a connected graph with n ⩾ 3 vertices, and ∆ and δ be the maximum degree and the minimum degree of the
vertices of G, respectively. Then
∆+ δ +(∆− δ)2 + 4∆
2
⩽ q1(G) ⩽
2m+m(n3 − n2 − 2mn+ 4m)
n
, (1.3)
where the first equality holds if and only if G is the star K1,n−1 and the second equality holds if and only if G is the complete
graph Kn. The lower bound in (1.3) is obtained by Chen and Wang [14], while the upper bound in (1.3) is obtained by
Wang [20].
Let G be a graph of order n and size m. Let ∆ and δ be the maximum and the minimum degree of G, respectively. Then
Wang et al. [21] obtained
q1(G) ≤ δ − 12 +

2(∆2 + δ)+ 2(2m− nδ)+ (δ − 1)
2
4
. (1.4)
Let G be a connected graph with n ⩾ 3 vertices, and ∆ and δ be the maximum degree and the minimum degree of the
vertices of G, respectively. If Gc is also connected, then
g1(n, δ,∆) ⩽ q1(G)+ q1(Gc) ⩽ g2(n,m), (1.5)
where
g1(n, δ,∆) = 2(n− 1)+

(∆− δ)2 + 4∆+(∆− δ)2 + 4(n− 1− δ)
2
,
g2(n,m) = n
2 − n+m(n3 − n2 − 2mn+ 4m)+(n2 − 2m− n)(n2 − 2m− n+mn)
n
.
The remainder of the paper is organized as follows: in Section 2, we consider the upper bound of λ1(G) involving the
order, size, maximum degree and minimum degree of G, in which each edge of G belongs to at least t triangles; in Section 3,
we consider the bounds of q1(G) and new upper and lower bounds on q1(G)+ q1(Gc), respectively.
2. Upper bound on λ1(G)
In this section, we give a new upper bound for λ1(G) of G such that each edge of G belongs to at least t triangles.
Theorem 2.1. Let G be a simple graph with n vertices and m edges, and ∆, δ be the maximum and minimum degree of G,
respectively. If each edge of G belongs to at least t triangles (t ⩾ 1), then
λ1(G) ⩽
t +t2 + 8m− 4δ(n− 1)+ 4(δ − 1)∆− 4tδ
2
. (2.1)
Proof. Let Ai denote the ith row of A, and di its row sum. Let x = (x1, x2, . . . , xn)T be the eigenvector of A(G) of length one
corresponding to λ1(G). Let x(i) denote the vector obtained from x by replacing xj with 0 if vi is not adjacent to vj. Since
A(G)x = λ1(G)x, we have λ1(G)xi = Aix = Aix(i). Hence by the Lagrange identity,
λ21(G)x
2
i = |Aix(i)|2 = |Ai|2|x(i)|2 −
−
1⩽j<k⩽n,
aij=aik=1
(xj − xk)2
= di
1−−
aij=0
x2j
− −
1⩽j<k⩽n,
aij=aik=1
(xj − xk)2
for each i.
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Fig. 1. Graphs G1, G2, G3 .
Sum over i to obtain
λ21(G) = 2m−
n−
i=1
di
−
aij=0
x2j
− n−
i=1
−
1⩽j<k⩽n,
aij=aik=1
(xj − xk)2.
Note that
n−
i=1
di
−
aij=0
x2j
 ⩾ n−
i=1
dix2i + δ
n−
i=1
(n− 1− di)x2i
= δ(n− 1)− (δ − 1)
n−
i=1
dix2i .
On the other hand, since each edge belongs to at least t triangles, we have
n−
i=1
−
1⩽j<k⩽n
aij=aik=1
(xj − xk)2 ⩾ t
−
1⩽j<k⩽n
ajk=1
(xj − xk)2 = t
n−
j=1
djx2j − 2t
−
0⩽j<k⩽n
ajk=1
xjxk ⩾ tδ − tλ1(G).
Thus, we have
λ21(G) = 2m−
n−
i=1
di
−
aij=0
x2j
− n−
i=1
−
1⩽j<k⩽n,
aij=aik=1
(xj − xk)2
⩽ 2m− δ(n− 1)+ (δ − 1)∆− tδ + tλ1(G),
i.e.,
λ21(G)− tλ1(G)− 2m+ δ(n− 1)− (δ − 1)∆+ tδ ⩽ 0.
Hence
λ1(G) ⩽
t +t2 + 8m− 4δ(n− 1)+ 4(δ − 1)∆− 4tδ
2
,
as desired. 
Remark 1. The upper bound in (2.1) occurs if G ∼= Kt+2. Nowwe give examples to show that our bound (2.1) and the bounds
(1.1)–(1.2) are incomparable. Let G1 be the graph shown in Fig. 1. Then the upper bound in (2.1) is 4, but the upper bounds
in (1.1), (1.2) are 4.36 and 4.42, respectively. Let G2 be the graph shown in Fig. 1. Then the upper bound in (2.1) is 3, but the
upper bounds in (1.1), (1.2) are 2.83 and 3, respectively. Let G3 be the graph shown in Fig. 1. Then the upper bound in (2.1)
is 2.79, but the upper bounds in (1.1), (1.2) are 2.65 and 2.70, respectively.
Remark 2. By Theorem 2.1, it is easy to determine an upper bound of λ1(G) if G is a triangulation.
3. The bounds of q1(G) and the Nordhaus–Gaddum type
In this section, we determine upper and lower bounds on the signless Laplacian index of G. Another result of this section
is an upper bound and lower bound for the signless Laplacian index of the Nordhaus–Gaddum type.
For convenience, let H be a real symmetric n× nmatrix. Denote the ith row sum of H by si(H).
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Lemma 3.1 ([12]). Let H be a real symmetric n× n matrix, and let λ be an eigenvalue of H with an eigenvector xwhose entries
are all nonnegative. Let p be any polynomial. Then
min
1⩽i⩽n
si(p(H)) ⩽ p(λ) ⩽ max
1⩽i⩽n
si(p(H)).
Moreover, if all entries of x are positive, then both equalities hold if and only if the row sums of p(H) are all equal.
Proposition 3.2. Let G = (VG, EG) be a simple graph. Then
√
2min
v∈VG

d2(v)+
−
uv∈EG
d(u) ⩽ q1(G) ⩽
√
2max
v∈VG

d2(v)+
−
uv∈EG
d(u).
Moreover, if G is connected, then both equalities hold if and only if 2d2(v)+ 2∑uv∈EG d(u) is the same for all v ∈ VG.
Proof. Since sv(Q ) = 2d(v) and sv(AD) = sv(A2) =∑uv∈EG d(u), we have
sv(Q 2) = sv(DQ + AD+ A2) = d(v)sv(Q )+ 2
−
uv∈EG
d(u) = 2d2(v)+ 2
−
uv∈EG
d(u)
for every v ∈ VG. Lemma 3.1 implies that
√
2min
v∈VG

d2(v)+
−
uv∈EG
d(u) ⩽ q1(G) ⩽
√
2max
v∈VG

d2(v)+
−
uv∈EG
d(u)
and for connected graph G, then both equalities hold if and only if 2d2(v)+ 2∑uv∈EG d(u) is the same for all v ∈ VG. 
Theorem 3.3. Let G be a simple graph with n vertices and m ⩾ 1 edges. Let ∆ and δ be the maximum degree and the minimum
degree of the vertices of G, respectively. Then
q1(G) ⩾

2δ2 + 4m− 2∆(n− 1)+ 2δ(∆− 1).
Moreover, if G is connected, the equality holds if and only if G is regular.
Proof. Proposition 3.2 gives that
q1(G) ⩾
√
2min
v∈VG

d2(v)+
−
uv∈EG
d(u)
⩾ min
v∈VG

2δ2 + 2(2m− d(v)−
−
uv∉EG
d(u))
⩾ min
v∈VG

2δ2 + 4m− 2d(v)− 2(n− d(v)− 1)∆
= min
v∈VG

2δ2 + 4m+ 2(∆− 1)d(v)− 2∆(n− 1)
⩾

2δ2 + 4m− 2∆(n− 1)+ 2δ(∆− 1).
If q1(G) attains the lower bound, then all equalities in the argumentmust hold. Now ifG is connected thenQ (G) is irreducible
and the Perron–Frobenius Theorem implies that q1(G) is associated to a positive eigenvector. Lemma 3.1 implies that for all
v ∈ VG, 2d2(v)+ 2∑uv∈EG d(u) is the same and−
uv∉EG
d(u) = (n− d(v)− 1)∆.
Hence either d(v) = n − 1 or d(u) = ∆, for all u with uv ∉ EG. This shows that the graph G is regular. Conversely if G is
d-regular then clearly

2δ2 + 4m− 2∆(n− 1)+ 2δ(∆− 1) = 2d = q1(G). 
Theorem 3.4. Let G be a simple graph with n vertices, m edges and no isolated vertex. Let ∆ and δ be the maximum degree and
the minimum degree of the vertices of G, respectively. Then
2δ2 + 4m− 2∆(n− 1)+ 2δ(∆− 1) ⩽ q1(G) ⩽

2∆2 + 4m− 2δ(n− 1)+ 2∆(δ − 1). (3.1)
Moreover, if G is connected, then both equalities hold if and only if G is regular.
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Proof. Since a simple graph G which has no isolated vertex has at least one edge, by Theorem 3.3 we get q1(G) ⩾
2δ2 + 4m− 2∆(n− 1)+ 2δ(∆− 1). Moreover, if G is connected, the equality holds if and only if G is regular.
By Proposition 3.2 we have
q1(G) ⩽
√
2max
v∈VG

d2(v)+
−
uv∈EG
d(u)
⩽ max
v∈VG

2∆2 + 2(2m− d(v)−
−
uv∉EG
d(u))
⩽ max
v∈VG

2∆2 + 4m− 2d(v)− 2(n− d(v)− 1)δ
= max
v∈VG

2∆2 + 4m+ 2(δ − 1)d(v)− 2δ(n− 1)
⩽

2∆2 + 4m− 2δ(n− 1)+ 2∆(δ − 1).
If q1(G) attains the upper bound then all equalities in the argumentmust hold. Now ifG is connected thenQ (G) is irreducible
and the Perron–Frobenius Theorem implies that q1(G) is associated to a positive eigenvector. Lemma 3.1 implies that for all
v ∈ VG, 2d2(v)+ 2∑uv∈EG d(u) is the same and−
uv∉EG
d(u) = (n− d(v)− 1)δ.
Hence either d(v) = n − 1 or d(u) = δ, for all u with uv ∉ EG. This shows that the graph G is regular. Conversely if G is
d-regular then clearly

2∆2 + 4m− 2δ(n− 1)+ 2∆(δ − 1) = 2d = q1(G). 
Remark 3. An interesting comparison can be given with the upper bounds given in (1.3), (1.4) and (3.1). Based on direct
computation, when δ = 0, if ∆2 + ∆ − 2m > 0, then the upper bound in (3.1) is better than that of (1.4); when δ = 1 or
δ = ∆, the upper bound in (3.1) is the same as that of (1.4); when δ > 1, if ∆2 + ∆ + δ(n − ∆ − 1) − 2m < 0, then our
upper bound in (3.1) is better than that of (1.4). Let G4 be the graph as depicted in Fig. 2. Then the upper bound in (1.3) (resp.
(1.4)) is 12.08 (resp. 6.35), whereas our upper bound in (3.1) is 6.32. Let G5 be the graph as depicted in Fig. 2, then the upper
bound in (1.3) (resp. (1.4)) is 14.10 (resp. 14.45), and our upper bound in (3.1) is 14.70.
Theorem 3.5. Let G be a simple graph with n vertices and m edges, where 0 < m < n(n−1)2 . Let ∆ and δ be the maximum degree
and the minimum degree of the vertices of G, respectively. Then
q1(G)+ q1(Gc) ⩾ 2

2(n− 1)2 − 4∆(n− 1)+ (∆+ δ)2 − δ +∆.
Moreover, if both G and Gc are connected, then the equality holds if and only if G is n−12 -regular.
Proof. Let f (m,∆, δ) = 2δ2 + 4m− 2∆(n− 1)+ 2δ(∆− 1). Note that ∆(Gc) = n − 1 − δ, δ(Gc) = n − 1 − ∆
and |EGc | = n(n−1)2 − m. Since 0 < m < n(n−1)2 we get |EGc | > 0. Theorem 3.3 gives that q1(G) ⩾ f (m,∆, δ) and
q1(Gc) ⩾ f

n(n−1)
2 −m, n− 1− δ, n− 1−∆

. Now let h(m) = f (m,∆, δ)+ f

n(n−1)
2 −m, n− 1− δ, n− 1−∆

. Then
q1(G)+ q1(Gc) ⩾ h(m).
Since
dh
dm
= 2
f (m,∆, δ)
− 2
f

n(n−1)
2 −m, n− 1− δ, n− 1−∆
 ,
it is easy to check that dhdm ⩽ 0 if and only if f (m,∆, δ) ⩾ f

n(n−1)
2 −m, n− 1− δ, n− 1−∆

, that is, m ⩾
2(n−1)2−∆(2n−3)−δ2+∆2+δ
4 . Thus
q1(G)+ q1(Gc) ⩾ h

2(n− 1)2 −∆(2n− 3)− δ2 +∆2 + δ
4

= 2f

2(n− 1)2 −∆(2n− 3)− δ2 +∆2 + δ
4
,∆, δ

= 2

2(n− 1)2 − 4∆(n− 1)+ (∆+ δ)2 − δ +∆.
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Fig. 2. Graphs G4, G5 .
If the sum of signless Laplacian indices attains the upper bound, then the signless Laplacian index of G and Gc both attain
their upper bounds and m = 2(n−1)2−∆(2n−3)−δ2+∆2+δ4 . Now if both G and Gc are connected, then Theorem 3.3 implies that
∆ = δ. Thus
2nδ = 2(n− 1)2 − δ(2n− 3)+ δ.
This implies that δ = n−12 and hence G is n−12 -regular.
Conversely, if both G and Gc are connected and G is n−12 -regular, then q1(G
c) = q1(G) = n−1. Sowe get q1(G)+q1(Gc) =
2(n− 1) = 22(n− 1)2 − 4∆(n− 1)+ (∆+ δ)2 − δ +∆. 
Theorem 3.6. Let G be a simple graph of order n and let ∆ and δ be the maximum degree and the minimum degree of the vertices
of G, respectively. If 0 < δ ⩽ ∆ < n− 1, then
f1(n, δ,∆) ⩽ q1(G)+ q1(Gc) ⩽ f2(n, δ,∆), (3.2)
where
f1(n, δ,∆) = 2

2(n− 1)2 − 4∆(n− 1)+ (∆+ δ)2 − δ +∆,
f2(n, δ,∆) = 2

2(n− 1)2 − 4δ(n− 1)+ (∆+ δ)2 −∆+ δ.
Moreover, if both G and Gc are connected, then both equalities hold if and only if G is n−12 -regular.
Proof. If G is a simple graph of order n with 0 < δ ⩽ ∆ < n − 1, then 0 < |EG| < n(n−1)2 . By Theorem 3.5, we get
q1(G) + q1(Gc) ⩾ 2

2(n− 1)2 − 4∆(n− 1)+ (∆+ δ)2 − δ +∆. Moreover, if both G and Gc are connected, then the
equality holds if and only if G is n−12 -regular.
Let f (m,∆, δ) = 2∆2 + 4m− 2δ(n− 1)+ 2∆(δ − 1). Note that ∆(Gc) = n − 1 − δ, δ(Gc) = n − 1 − ∆ and
m(Gc) = n(n−1)2 − m. Theorem 3.4 gives that q1(G) ⩽ f (m,∆, δ) and q1(Gc) ⩽ f

n(n−1)
2 −m, n− 1− δ, n− 1−∆

. Now
let g(m) = f (m,∆, δ)+ f

n(n−1)
2 −m, n− 1− δ, n− 1−∆

. Then
q1(G)+ q1(Gc) ⩽ g(m).
Since
dg
dm
= 2
f (m,∆, δ)
− 2
f

n(n−1)
2 −m, n− 1− δ, n− 1−∆
 ,
it is easy to check that dgdm ⩾ 0 if and only if f (m,∆, δ) ⩽ f

n(n−1)
2 −m, n− 1− δ, n− 1−∆

, that is, m ⩽
2(n−1)2−δ(2n−3)−∆2+δ2+∆
4 . Thus
q1(G)+ q1(Gc) ⩽ g

2(n− 1)2 − δ(2n− 3)−∆2 + δ2 +∆
4

= 2f

2(n− 1)2 − δ(2n− 3)−∆2 + δ2 +∆
4
,∆, δ

= 2

2(n− 1)2 − 4δ(n− 1)+ (∆+ δ)2 −∆+ δ.
If the sum of signless Laplacian indices attains the upper bound, then the signless Laplacian indices of G and Gc both attain
their upper bounds and m = 2(n−1)2−δ(2n−3)−∆2+δ2+∆4 . Now if both G and Gc are connected, then Theorem 3.4 implies that
∆ = δ. Thus
2nδ = 2(n− 1)2 − δ(2n− 3)+ δ.
This implies that δ = n−12 and hence G is n−12 -regular.
Conversely, if both G and Gc are connected and G is n−12 -regular, then q1(G
c) = q1(G) = n−1. Sowe get q1(G)+q1(Gc) =
2(n− 1) = 22(n− 1)2 − 4δ(n− 1)+ (∆+ δ)2 −∆+ δ. 
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Remark 4. In some cases, the upper bound in (3.2) is better than the upper bound in (1.5) and the lower bound in (3.2) is
better than the lower bound in (1.5). For example, let H = C5 be a cycle with 5 vertices. Then the upper bound in (3.2) is 8
but the upper bound in (1.5) is 11.48, and the lower bound in (3.2) is 8 but the lower bound in (1.5) is 6.83.
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